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The existence and uniqueness of a solution to isothermal non-Newtonian bipolar
fluid is proved. We consider a special case, where the stress tensor is expressed in
Ž .the form of potentials depending on e and › e r› x . The second part is devotedi j i j k
to the problem of the stability of the rest state. It is proved that the perturbations
of velocity and density tend to zero in appropriate norms along a chosen time
sequence. Moreover, we obtain the asymptotic stability of the rest state under the
assumption of the regularity of the potential forces. Q 1998 Academic Press
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1. INTRODUCTION
It is a well-known fact that classical Newtonian fluids cannot describe
the complicated behavior of various real fluids. Thus, the rheological
hypothesis that the stress tensor depends linearly only on the deformation
velocity tensor is changed.
We assume isothermal processes, so the fluid is given by the velocity
Ž . Ž .field ¤ s ¤ , ¤ , . . . , ¤ d denotes a space dimension, e.g., d s 2, 3 ,1 2 d
density r, specific external forces b, and the monopolar symmetric stress
w xtensor t . We refer to 4 for more details.i j
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Taking into account the principle of material frame indifference, we get
t s ypd q t V e , 1.1Ž . Ž .i j i j i j
where
1 › ¤ › ¤i jde s e , e s q . 1.2Ž . Ž .i j i ji , js1 ž /2 › x › xj i
Ž .dWith some 1 - p - ‘, we suppose for any h s h thati j i, js1
V < < pt h h G C h , 1.3Ž . Ž .i j i j 1
py1V< < < <t F C 1 q h . 1.4Ž .Ž .i j 2
Then we have the continuity equation,
›r ›
q r¤ s 0, 1.5Ž . Ž .i› t › xi
and the equations for the balance of momentum,
› ¤ › ¤ › p ›t Vi i i j
r q r¤ s y q q rb , i s 1, 2, . . . , d. 1.6Ž .j i› t › x › x › xj i j
Ž . Ž .If t s 2me u q ldi¤ud , then 1.6 is the Navier]Stokes system, andi j i j i j
the fluid is called Newtonian. In the other case we get the special
monopolar non-Newtonian fluids. For more details about this type of
w xnon-Newtonian fluid, the reader is referred to 17 .
The major difference between compressible and incompressible non-
Ž .Newtonian fluids is that for 1 - p - ‘ under conditions on p , we get the
w xexistence of weak solutions of incompressible fluid 5 , but in the com-
pressible case, only the existence of measure-valued solutions is obtained
w x w x w x w x7 , 8 , 10 , 14 .
Thus, we have to apply another model which is a combination of a
model described above and a multipolar fluids model. The physical theory
Ï w xfor multipolar fluids was established by Necas and Silhavy 15 , and it isÏ Â
compatible with basic physical principles, i.e., the principle of material
frame indifference and the second law of thermodynamics. In some cases
of multipolar fluids, the global existence and uniqueness of the solution
Ž w x w x.are proved see 12 ] 14 .
w xIn this paper we follow our recent work 9 , where the global existence
and uniqueness of the solution of bipolar barotropic non-Newtonian fluid
is shown. Here we study the same bipolar model for isothermal fluids.
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w xFirst, we formulate the problem, and using the results from 9 we obtain
the global existence and uniqueness of the weak solution of isothermal
fluids.
In the next part we study the stability of the rest state of bipolar
isothermal fluids. We follow a general procedure used by Novotny andÂ
w xPadula in 16 . The main point is to define a positive energy functional for
perturbations that can be controlled by its value at the initial time.
Moreover, we obtain that the perturbations of velocity and density tend to
zero along suitably chosen time sequences. Assuming regularity of poten-
tial forces, we obtain asymptotic stability.
2. FORMULATION OF THE PROBLEM
The motion of isothermal bipolar non-Newtonian fluid is governed by
the following system of partial differential equations for the density r and
Ž . Žthe velocity vector ¤ s ¤ , . . . , ¤ note that we use the summation1 d
.convention :
›r ›
q r¤ s 0, 2.1Ž . Ž .i› t › xi
› › › › p
Vr¤ q r¤ ¤ y t ¤ s y q rb , i s 1, 2, . . . , d.Ž . Ž . Ž .i i j i j i› t › x › x › xj j i
2.2Ž .
Ž .b s b , . . . , b denotes the density of external forces and the pressure1 d
p s b ? r, b s constant, which is given by the isothermal character of a
Ž . Ž .fluid. The equations 2.1 , 2.2 are solved in the time]space cylinder
Ž . dQ [ I = V, I s 0, T , where V ; R is a bounded domain with aT
smooth infinitely differentiable boundary › V. We suppose that the body
forces are given and satisfy
b g L‘ Q . 2.3Ž . Ž .T
Now, we can specify our stress tensor t V, namely,i j
› V e › › W DeŽ . Ž .
Vt s y , 2.4Ž .i j ž /› e › x › › e r› xŽ .i j k i j k
Ž .d Ž Ž . .where De s › e r› x cf. 1.2 for the definition of e, e . We alsoi j k i, j, ks1 i j
consider the third stress tensor t V , which has the following form:i jk
› W DeŽ .
Vt s . 2.5Ž .i jk › › e r› xŽ .i j k
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Moreover, we will assume that the potentials V, W satisfy the following
conditions:
› 2W DeŽ .qy2 2 k k< < < <C 1 q De j F j jŽ .1 i j i j1 1› › e r› x › › e r› xŽ . Ž .i j k i j k1 1 1
qy2 2< < < <F C 1 q De j , 2.6Ž . Ž .2
› 2V eŽ .qy2 2< < < <C 1 q e j F j jŽ .3 i j i j1 1› e › ei j i j1 1
qy2 2< < < <F C 1 q e j , 2.69Ž . Ž .4
< <where C , C , C , C are positive constants, q ) d, and ? is the usual1 2 3 4
Euclidean norm of a vector. Let
W 0 s 0, V 0 s 0, 2.7Ž . Ž . Ž .
› W › V
0 s 0, 0 s 0. 2.8Ž . Ž . Ž .
› › e r› x › eŽ .i j k i j
Ž . Ž .The system 2.1 , 2.2 is completed by the initial conditions
¤ 0 s ¤ , r 0 s r , r ) 0 in V ; 2.9Ž . Ž . Ž .0 0 0
and the boundary conditions
t V n n s 0 on 0, T = › V 2.10Ž . Ž .i jk j k
Ž .n is an outer normal to › V ,
¤ s 0 on 0, T = › V . 2.11Ž . Ž .
pŽ . l, pŽ .By L V and W V , 0 F p, l - ‘, we denote the usual Lebesgue
and Sobolev spaces, respectively, equipped with the standard norm. Let us
Ä k , p k , pŽ .  Ž . 4denote W V [ w g W V ; H w dx s 0 . The following results can0 0 V
Ž w x w x.be shown see, e.g., 2 , 16 :
Ä k , p Äyk , pW V * s W V , p ) 1, k s 1, 2, . . .Ž . Ž .Ž .0
Ž .Let Q [ I = V s t , t = V, 0 F t - t F q‘; then we set1, 2 1, 2 1 2 1 2
1 s , 25 5? W W01 s , 2 ‘W W Q [ C Q ,Ž . Ž .0 0 1, 2 0 1, 2
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where
1r22ms › w
1 s , 25 5w s .ÝW W ŽQ .0 1, 2 › x ??? › x 1 , 2i ims0 Ž .1 m W Q1 , 2
Ž . Ž . Ž .Let c t s 1 q t ln 1 q t y t. By L we denote the corresponding Or-c
licz space. For completness, we mention also a weak formulation of the
Ž . Ž . Ž . Ž .problem 2.1 , 2.2 , 2.9 ] 2.11 .
Ž .DEFINITION 2.1. A pair r, ¤ is said to be a weak solution of the
Ž . Ž . Ž . Ž .problem 2.1 , 2.2 , 2.9 ] 2.11 , if the following conditions are satisfied:
Ž . ‘Ž 1, qŽ ..i r g L I; W V
Ž . ‘Ž qŽ ..ii ›rr› t g L I; L V
Ž . ‘Ž 2, qŽ . 1, 2Ž ..iii ¤ g L I; W V l W V0
Ž . 2Ž .iv › ¤r› t g L QT
Ž . Ž .v The continuity equation 2.1 is satisfied in the sense of distri-
butions on Q .T
Ž .vi
› ›w ›wi i
r¤ w y r¤ ¤ y b rŽ .H H Hi i i j› t › x › xV V Vj i
› V › W De ¤ › eŽ .Ž . i jq e ¤ e w q w s rb wŽ . Ž . Ž .Ž .H Hi j i i› e› e › xV Vi ji j k
› ž /› xk
Ž . 2, qŽ . 1, 2Ž .holds for a.e. t g I and for every w s w , . . . , w g W V l W V1 d 0
‘Ž .l C V ,
1Ž . Ž . Ž .vii The initial conditions 2.9 , with r g C V and ¤ g0 0
2, qŽ . 1, 2Ž .W V l W V , are fulfilled.0
3. GLOBAL EXISTENCE RESULT
In this section we formulate the global existence of the weak solution
defined in 2.1. The proof is performed by the same technique as in the
Ž w x.case of barotropic fluid see 9 . We only point out the things that differ
from the barotropic situation.
1Ž . Ž .THEOREM 3.1 existence of a weak solution . Let r g C V , r ) 00 0
2, q 1, 2Ž . Ž . Ž . Ž . Ž .in V and ¤ g W V l W V . Let the assumptions 2.6 , 2.69 , 2.7 ,0 0
Ž . Ž . Ž .2.8 hold. Then there is at least one weak solution r, ¤ to the problem 2.1 ,
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Ž . Ž . Ž .2.2 , 2.9 ] 2.11 such that
›r
‘ 1, q ‘ qr g L I ; W V , g L I ; L V ,Ž . Ž .Ž .Ž .
› t
3.1Ž .
› ¤
‘ 2, q 1, 2 2¤ g L I ; W V l W V , g L Q .Ž . Ž . Ž .Ž .0 T› t
Proof. The proof is based on the modified Galerkin method. Analo-
w x  k4‘gous to the method in 9 , we take a complete orthogonal system z inks1
2, 2Ž . 1, 2Ž .W V l W V . This system will be given by the solution of the0
following eigenvalue problem:
²² k:: k 2, 2 1, 2¤ , z s l ¤ , z ¤ g W V l W V , 3.2Ž . Ž . Ž . Ž .k 0
²² :: 2, 2Ž . Ž .where ? , ? denotes a scalar product in W V , and ?, ? is a scalar
2Ž .product in L V . Let us take a mapping P :m
m
k k 2P ¤ s l ¤ , z ? z , ¤ g L V . 3.3Ž . Ž . Ž .Ým k
ks1
It can be shown that it is an orthogonal projector from L2 onto L2 sm
 1 m4 2, 2 2, 2  1 m4span z , . . . , z and from W onto W s span z , . . . , z . Now wem
put
m
m k¤ t , x s C t z x , 3.4Ž . Ž . Ž . Ž .Ý k
ks1
1 1Ž . Ž . Ž .where C s C , . . . , C g C I . We are looking for r g C Q such1 m m T
that
›r ›m mq r ¤ s 0,Ž .m i› t › x 3.5i Ž .
1r 0, x s r x g C V , r x ) 0 in V .Ž . Ž . Ž . Ž .m 0 0
Using the method of characteristic, one obtains that
›t m mr t , x s r y ? exp y ¤ t , x t dt , 3.6Ž . Ž . Ž . Ž .Ž .Hm 0 iž /› x0 i
mŽ . mŽ .where y s x 0 , x s x t .
Moreover, it can be shown that there exists a vector C s
Ž Ž . Ž .. m Ž Ž ..C t , . . . , C t , t g I such that the vector ¤ cf. 3.4 satisfies the1 m
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following equation:
› ¤ m › ¤ m ›ri i mm lr q r ¤ q b z dxH m m j iž /› t › x › xV j i
› V
m ls y e ¤ ? e zŽ . Ž .Ž .H i j› eV i j
› W › ei jm ly De ¤ ? zŽ . Ž .Ž .H
› › e r› x › xŽ .V i j k k
q r b z l , l s 1, 2, . . . , m. 3.7Ž .H m i i
V
Ž . Ž .Using the continuity equation 3.5 and the momentum equation 3.7 , we
w xhave derived the following identities in the same way as in 9 :
r dx s r dx s m , 3.8Ž .H Hm 0 0
V Vt
1 › ›2m< <r ¤ q r ln r y rŽ .Ž .H Hm m m m2 › t › tQ Qt t
› V › W › ei jm m mq e ¤ ? e ¤ q ? ¤Ž . Ž . Ž .Ž .H i j› e › › e r› x › xŽ .Q i j i j k kt
s r b ¤ m , 3.9Ž .H m i i
Qt
2m m m› ¤ › ¤ › ¤i i imr q r ¤H Hm m jž /› t › x › tQ Q jt t
›r › ¤ mm im mq V e ¤ q W De ¤ q bŽ . Ž .Ž . Ž .H H
› x › tV Q it t
› ¤ mim ms V e ¤ 0 q W De ¤ 0 q r b . 3.10Ž . Ž . Ž .Ž . Ž .Ž . Ž .H H m i › tV Q0 t
Ž .These equations give us a priori estimates. First, from 3.8 we obtain
5 5 ‘ 1r F m s r dx. 3.11Ž .L Ž I ; L ŽV .. Hm 0 0
V
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Ž .Furthermore, from 3.9 we get
5 < < 2 5 ‘ 1r ¤ F c, 3.12Ž .L Ž I ; L ŽV ..m m
5 5 ‘ 1r ln r F c. 3.13Ž .L Ž I ; L ŽV ..m m
Using the ellipticity of the form
› V › W › ei j¤ , w [ e ¤ e w q De ¤ w ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .H i j› e › › e r› x › xŽ .V i j i j k k
Ž w x.we have cf. 9, Proposition 3.15
5 5 q 2 , q 5 5 2 2, 2¤ , ¤ G c ¤ q c ¤ , c , c ) 0.Ž .Ž . W ŽV . W ŽV .1 2 1 2
Thus,
5 m 5 q 2 , q 5 m 5 2 2, 2¤ F c and ¤ F c. 3.14Ž .L Ž I ; W ŽV .. L Ž I ; W ŽV ..
Ž . Ž .However, we can improve estimate 3.13 of density r . First, from 3.6 wem
obtain
5 5 ‘r F c. 3.15Ž .L ŽQ .m T
m Ž Ž ..Since we have already shown the suitable regularity of ¤ cf. 3.14 , we
Ž . w xcan go back to 3.5 and prove, as in 4 that
5 5 ‘ 1 , qr F c, 3.16Ž .L Ž I ; W ŽV ..m
and
›rm F c.
qŽ .› t L QT
Ž . w xNow we deal with 3.10 in exactly the same way as in 9 and we derive
that
m› ¤
F c, 3.17Ž .
2 Ž .› t L QT
5 m 5 ‘ 2 , q 1 , 2¤ F c, 3.18Ž .L Ž I ; W ŽV .l W ŽV ..0
and
›rm F c. 3.19Ž .
‘ qŽ Ž ..› t L I ; L V
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At this moment we have already obtained the same a priori estimates as in
w x  m49, Proposition 3.19 . Thus there is a subsequence r , ¤ such thatm m
Ž w x.r “ r and ¤ “ ¤ in suitable spaces see 9, Theorem 4.1. . The limitm m
w xprocess is carried out in the same way as in 9 .
4. UNIQUENESS
Ž .THEOREM 4.1 uniqueness of the weak solution . Let the assumptions of
the pre¤ious theorem be fulfilled. Then the weak solution obtained in Theorem
3.1 is unique.
Ž . Ž .Proof. Let r, ¤ , r, ¤ be two solutions. We denote j s r y r, w s
¤ y ¤ . From the continuity equation, we find out that
›j › ¤ › w ›j ›rj js yj y r y ¤ y w a.e. in Q . 4.1Ž .j j T› t › x › x › x › xj j j j
Ž .Multiplying 4.1 by j , integrating over Q , and using the a priori estimatesT
for r, r, ¤ , ¤ , and the Young inequality, we get
t 21 2 2 2, 25 5j dx F c K « j dx dt q c « w dt ; 4.2Ž . Ž .H H H W ŽV .1 1 22
V Q 0t T
w Ž .x Ž .for the precise description of c , c , see 9, 5.3 ; K « ) 0, where « is an1 2 1
arbitrary positive number. The difference of the momentum equations
gives
› w › ¤ › ¤i i i
r w q j w q j ¤ wH H Hi i j i› t › t › xQ Q V jt t t
› ¤ › w › wi i iq r w w q r¤ w s b r y rŽ .H Hj i j i› x › x › xQ Qj j it t
y ¤ , w q ¤ , w q j b w .Ž . Ž .Ž . Ž . H i i
Qt
4.3Ž .
wThe only term that is changed as compared with the situation in 9, cf.
Ž .x Ž .5.2 is the term bH r y r › w r› x . However, it is very easy to find aQ i it
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suitable estimate:
› w ti 2
2 2, 25 5 5 5b r y r F c j w dtŽ .H L ŽQ .H W ŽV .t› xQ 0iT
F using the Young inequalityŽ .
t 22 2, 25 5F c K « j dx dt q c « w dt . 4.4Ž . Ž .H H W ŽV .1 2
Q 0T
w x Ž . Ž .The other terms are estimated as in 9 , and from 4.3 and 4.2 we obtain
1 T2 2 2 2< < < < < < < <w q j dx F c w q j dx dt. 4.5Ž .H H H2 V 0 Vt
The Gronwall inequality concludes that w s 0, j s 0 a.e. in Q .T
5. ENERGY STABILITY METHOD FOR THE
REST STATE
Ž .In this section our aim is to show that the rest state i.e., ¤ s 0 is stable.
This means that any perturbation of the rest state corresponding to the
initial data under the action of potential forces tends to the rest state.
In what follows, we will always assume that b is a sufficiently regular
time-independent potential force:
›j
1, ‘b s , j g W V , i s 1, 2, . . . , d. 5.1Ž . Ž .i › xi
Ž .Now let us consider the rest state of the fluid characterized by r, ¤ s.t.,
¤ s 0 in V , 5.2Ž .
›r ›j
y b q r s 0 in V . 5.3Ž .
› x › xj j
Ž .From 5.3 one obtains the explicit form of the density, i.e.,
r x s m ? exp j x rb . 5.4Ž . Ž . Ž .Ž .
Ž Ž ..Using the law of conservation of mass cf. 3.8 , we find out that
Ž Ž . . Ž .m s m = H exp j x rb . Thus there exists d ) 0 such that r x ) d0 V
a.e. x g V. Now, we specify the class of perturbated flows, where the rest
Ž . ‘Ž 1, qŽ .. ‘Ž 2, qŽ .state will be stable: J s r, ¤ , r g L I; W V , ¤ g L I; W V lÄ Ä Ä Ä
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1, 2Ž .. ‘Ž qŽ .. 2Ž .W V , ›rr› t g L I; L V , › ¤r› t g L Q for any t ) 0, andÄ Ä0 T
moreover, there are d , d ) 0 such that1 2
0 - d F r F d uniformly in 0, ‘ = V ;Ž .Ä1 2
Ž . Ž . Ž . Ž ..4r, ¤ is a weak solution of 2.1 , 2.2 Definition 2.1 .Ä Ä
ŽBecause of the results from the previous section Theorem 3.4, Theorem
.4.1 , we know that the class J is not empty. The existence of d , d ) 01 2
follows from the continuity equation, which gives
›t
r t , x s r x 0 ? exp y ¤ t , x t dt .Ž . Ž . Ž .Ž . Ž .Ä Ä ÄH iž /› x0 i
Thus
T 1r q92 , q5 5r t , x G c exp yg ¤ dt G c exp yg T [ d ,Ž .Ä Ä Ž .H W ŽV . 1 1ž /0
where q9: 1rq q 1rq9 s 1. A similar estimate is obtained from the above.
Let us denote
s s r y r , u s ¤ y ¤ s ¤ y 0. 5.5Ž .Ä Ä Ä
Ž . Ž .Adding the equations 2.2 and 5.3 , we obtain
› › › ›s
Vru y t u q ru u s yb q s b . 5.6Ž . Ž .Ž .Ä ÄŽ .i i j i j i› t › x › x › xj j i
Ž . Ž .Moreover, 2.1 and 5.4 give
›s ›
q ru s 0. 5.7Ž .ÄŽ .j› t › x j
Ž . Ž .We can rewrite 2.2 and 2.1 with ¤ s u:Ä
› › › ›rÄ
Vru y t u q ru u s yb q rb , 5.8Ž . Ž .Ž .Ä Ä ÄŽ .i i j i j i› t › x › x › xj j i
›r ›Ä
q ru s 0. 5.9Ž .ÄŽ .j› t › x j
Ž . Ž . Ž .Multiplying 5.8 by u , integrating over V, and using equations 5.3 , 5.4 ,i
we get
› 1 › ›rÄ2 V< <r u dx y t u u s yb u q rb u . 5.10Ž . Ž .Ä ÄH H H Hi j i i i iž /› t 2 › x › xV V V Vj i
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Ž .Furthermore, we can rewrite some terms from 5.10 in the following way:
› › V › W › ei jVy t u u s e u e u q De u uŽ . Ž . Ž . Ž . Ž .Ž . Ž .H Hi j i i j › e› x › e › xV V i jj i j k
› ž /› xk
s u , u ; 5.11Ž . Ž .Ž .
›r ›r 1 ›jÄ Ä
yb u q rb u s yb u q ru rÄ ÄH H H Hi i i i i› x › x r › xV V V Vi i i
s using 5.3Ž .Ž .
›r 1 ›rÄ
s yb u q b ruÄH Hi i› x r › xV Vi i
›r ›Ä
s yb u y b ru ln r . 5.12Ž .Ž .ÄH Hi i› x › xV Vi i
Ž . Ž . Ž .Putting 5.10 , 5.11 , and 5.12 together, we obtain
› 1 ›r ›Ä2< <r u q u , u s yb u y b ru ln r .Ž .Ž . Ž .Ä ÄŽ .H H Hi i› t 2 › x › xV V Vi i
5.13Ž .
Ž .The R.H.S. of 5.13 can be equivalently expressed in the following way:
1 ›r ›Ä
yb ru y b ru ln rŽ .Ä ÄH Hi ir › x › xÄV Vi i
› ›s
s using 5.7 y b ln r ru q b ln rŽ . Ž .Ž . Ä ÄH Hi› x › tV Vi
›r ›sÄ
s using 5.9 y b ln r ? q b ln rŽ .Ž . ÄH H
› t › tV V
› ›
s due to 5.4 y b r ln r q b ln r ? rŽ . Ž .Ž . Ž .Ä Ä Ä ÄH H
› t › tV V
›
q b s ? ln r . 5.14Ž . Ž .H
› tV
Ž .Because of continuity equation 5.9 and the boundary condition ¤ s 0 on
› V, the following relation holds:
› ›r ›Ä
b ln r ? r s b s y ru s ru dS s 0.Ž .Ä Ä Ä ÄŽ .H H H Hj j› t › t › xV V V › Vj
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Ž .Now we can rewrite 5.13 :
› 21 < <r u q b r ln r y s ln r q u , u s 0. 5.15Ž . Ž .Ž .Ž .Ä Ä ÄH 2½ 5› t V
At this point we have already obtained the energy functional for perturba-
1 2< < Ž .tions, i.e., H r u q b r ln r y s ln r dx. However, we can represent itÄ Ä ÄV 2
in the following suitable way. Let us use the Taylor expansion for the
Ž .function f x s x ? ln x at the point r with the increment s s r y r :Ä
1
2r ln r s r ln r q s ln r q s q s , 5.16Ž .Ä Ä
2 r
where
min r , r F r t , x F max r , r .Ž . Ž . Ž .Ä Ä
Ž . Ž . Ž . Ž .t , x g 0, ‘ =V t , x g 0, ‘ =V
Ž .By 5.16 and the law of the conservation of mass, we can express the time
derivative of the energy functional:
› 1 2< <r u q b r ln r y s ln rŽ .Ä Ä ÄH½ 5› t 2V
› 1 1 d2 2< <s r u q b s dx \ E t . 5.17Ž . Ž .ÄH ž /› t 2 2 r dtV
Furthermore, let us denote
D t [ u t , u t . 5.18Ž . Ž . Ž . Ž .Ž .Ž .u
Ž .Thus we can rewrite 5.15 in the form
dE tŽ .
q D t s 0. 5.19Ž . Ž .udt
Ž w x.Since D is an elliptic form, i.e. cf. 9, Proposition 3.15 ,u
5 5 q 2 , q 5 5 2 2, 2D t G c u t q c u t G 0, 5.20Ž . Ž . Ž . Ž .W ŽV . W ŽV .u 1 2
Ž .for any t g 0, ‘ , we conclude that
E t F E t for t G t , 5.21Ž . Ž . Ž .2 1 2 1
and
‘
D t dt F E 0 . 5.22Ž . Ž . Ž .H u
0
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 4The last inequality implies that there is a subsequence t , t “ ‘, suchn n
that
D t “ 0 for t “ ‘, 5.23Ž . Ž .u n n
and consequently,
5 5 2 , qu t “ 0, 5.24Ž . Ž .W ŽV .n
5 5 2 , 2u t “ 0, as t “ ‘. 5.25Ž . Ž .W ŽV .n n
We have obtained that
Ž . Ž . Ž .a The rest state r, ¤ is stable in the class J of solutions r, ¤ .Ä Ä
Ž .This means that the energy functional E s E t is a monotonely decreas-
Ž . Ž .ing function of time; thus E t F E 0 for any t ) 0.
Ž . 2, qb The perturbations of velocity decay to zero in the norm W
2, 2 Ž .and W , and in the sense of 5.23 along the chosen time sequence
t “ q‘.n
Our next aim will be to obtain a control of the perturbation of the density
s by the perturbations of velocity u. In what follows we will prove the
following result for the control of perturbations of density.
5 5 1, ‘ ŽLEMMA 5.1. Let b ) c* j the constant c* ) 0 depends on V,W ŽV .
.dimension d, and q . Then there exists a constant K ) 0, such that
‘
2
y3 , 25 5s t dt F K , 5.26Ž . Ž .ÄH W ŽV .
0
 4and consequently there exists t , such thatn
5 5 y3 , 2s t “ 0 as t “ q‘. 5.27Ž . Ž .ÄW ŽV .n n
The proof of Lemma 5.1 will be divided into a few steps. First, let us
consider the problem
N ›wa s g a.e. in Q s I = V , 5.28Ž .Ý 1, 2 1, 2› xaas0
N 4F [ w s 0 on › Q , 5.29Ž .a 1, 2as0
w x w xwhere H g dx s 0. In 2 and 16 the following result is shown:V
2 Ä s, 2Ž Ž ..LEMMA 5.2. Let g g L I ; W V , s s 0, 1, . . . . Then there exists at1, 2 0
Ž . Ž . 1 s, 2Ž .least one solution of 5.28 , 5.29 such that F g W W Q and0 0 1, 2
5 5 1 s , 2 5 5 2 s , 2F F c g . 5.30Ž .W W ŽQ . L Ž I ; W ŽV ..0 1, 2 1 , 2
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To prove Lemma 5.1, we will need the following result, which will be
verified later.
Ž . Ž . Ž .LEMMA 5.3. For the perturbations r, ¤ of the rest state r, ¤ s r, 0 ,Ä Ä
it holds that
5 5 2 y3 , 2 1 5 5 2 2, 2b y K s F K uŽ . ÄL Ž I ; W ŽV .. L Ž I ; W ŽV ..s u1 , 2 1 , 2
2 5 5 qy12 qy2 2 , qy1q K u , 5.31Ž .L Ž I ; W ŽV ..u 1 , 2
where
1r21K [ c* 1 q m q b m q 2m eŽ .Ž .u 0 0 0 0
K 2 [ c*u
5 5 1 , ‘K [ c* j W ŽV .s
5.32Ž .
m [ rH0 0
V
1 2 y1 1, ‘< < 5 5e [ r ¤ q r ln r q e q 2 j r ,Ž .H H W ŽV .H0 0 0 0 0 02 V V V
where c* ) 0 depends only on V, dimension d, and q.
Now we approach the proof of Lemma 5.1.
Ž . Ž .Proof of Lemma 5.1 . Using 5.31 , we have
‘ ‘22 2 21y3 , 2 2 , 25 5 5 5b y K s t dt F 2 K uŽ . Ž . Ä Ž .H W ŽV . H W ŽV .s u
0 0
‘2 2 qy22 2,qy15 5q 2 K u dt. 5.33Ž .Ž . H W ŽV .u
0
Our aim will be to show that each term of the R.H.S. is bounded from
Ž . Ž .above by a constant. Because of 5.20 and 5.22 ,
‘ ‘
2
2, 25 5u t dt F c D t dt F cE 0 . iŽ . Ž . Ž . Ž .H W ŽV . H u
0 0
Furthermore,
‘ ‘
2 qy2 22, qy15 5u F c D t dt ,Ž .H W ŽV . H u
0 0
Ž w x.since cf. 9
5 5 2 2, 2 5 5 qy12,qy1 5 5 q 2 , qD t s u , u G c u q ??? qc u q c u .Ž . Ž .Ž . Ã Ã ÃW ŽV . W ŽV . W ŽV .u 1 qy2 qy1
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Ž . Ž Ž ..Moreover, we know that D t “ 0 as t “ ‘ cf. 5.23 . Thus thereu n n
exists t ) 0 s.t. for each t ) t it holds that0 0
D2 t ) D t ,Ž . Ž .u u
and consequently,
‘ ‘ ‘
2D t - D t F D t F E 0 .Ž . Ž . Ž . Ž .H H Hu u u
t t 00 0
w xHowever, we have from 9 ,
5 5 2 2, 2 5 5 q 2 , qD t s u , u s ¤ , ¤ F c ¤ q c ¤ ;Ž . Ž . Ž .Ž . Ž .Ä Ä Ä ÄW ŽV . W ŽV .u 1 2
thus we find out that
t 2 q0 42
‘ 2 , 2 ‘ 2 , q5 5 5 <D t dt F c t ¤ q c t ¤ s constant.Ž . Ž . Ž .Ä Ä Ä ÄH L Ž0 , t ; W ŽV .. L Ž0 , t ; W ŽV ..u 1 0 2 00 0
0
The above discussion leads us to the conclusion that
‘
2D t dt F constant,Ž .H u
0
and consequently,
‘
2 qy2
2,qy15 5u t dt F constant. iiŽ . Ž .H W ŽV .
0
Ž . Ž .Putting i and ii together, we conclude that
‘
2
1, ‘ y3 ,25 5 5 5b y c* j s t dt F constant, 5.34Ž . Ž .ÄŽ .W ŽV . H W ŽV .
0
which finishes the proof.
Finally, we will prove Lemma 5.3.
Ž .Proof of Lemma 5.3 . Because of the conservation of mass, we obtain
Ž . Ž Ž ..H s t dx s 0 for each t g I cf. 5.7 . Clearly, s s r y r gÄV 1, 2
‘ Ä 1, q 1, ‘ ‘ 1, qŽ Ž .. Ž . Ž Ž .. Ž Ž ..L I ; W V , since r g W V cf. 5.3 , r g L I ; W V .Ä1, 2 1, 2
‘ Ä 1, q 2 Ä 1, 2 2Ž Ž .. Ž Ž .. ŽFurthermore, s g L I ; W V ; L I ; W V ; L I :1, 2 1, 2 1, 2
Äy3, 2Ž ..W V .
Ž . Ž . Ž .Now, let F s w , w , . . . , w be a solution of problem 5.28 , 5.290 1 N
2 Ä 3, 2Ž Ž .with the right-hand side g g L I ; W V . Thus, because of Lemma1, 2 0
1 3, 2Ž . Ž . Ž .5.2, F g W W Q . Let us denote w s w , . . . , w , multiply 5.6 by0 0 1, 2 1 N
Ž .w and 5.7 by bw , integrate over Q , and add the obtained equations.i 0 1, 2
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Applying integration by parts, we get
›w ›w ›wa i iVb s s t u y ruŽ . ÄH H Hi j j› x › x › tQ Q Qa j1, 2 1, 2 1, 2
›w ›wi 0y ru u y s b w y b ru . 5.35Ž .Ä ÄH H Hi j i i i› x › xQ Q Qj i1, 2 1, 2 1, 2
Now, each term on the R.H.S. will be estimated from above:
›wiVt uŽ .H i j › xQ j1, 2
› V › W › et i j2s e u e w q De u ? w .Ž . Ž . Ž . Ž .Ž . Ž .H H i j› e › › e r› x › xŽ .t V i j i j k k1
5.36Ž .
First,
› Vt2 e u e wŽ . Ž .Ž .H H i j› et V i j1
› V › Vt2s e u y e 0 e wŽ . Ž . Ž .Ž . Ž .H H i jž /› e › et V i j i j1
2› Vt 12F e u u du e u e wŽ . Ž . Ž .Ž .H H H i j i j› e › et V 0 i j i j1 1 1
t qy22 < < < < < <F due to 2.69 c 1 q e u e u e wŽ . Ž . Ž . Ž .Ž . Ž .H H
t V1
1r2 1r2
2Žqy1.t t2 22
2 3, 2 1 , 2 1 , qy15 5 5 5 5 5F c =w c u q c uL Ž I ; W ŽV .. H W ŽV . H W ŽV .1 , 2 ž / ž /t t1 1
5 5 2 3, 2 5 5 2 1, 2F c =w uL Ž I ; W ŽV .. L Ž I ; W ŽV ..1 , 2 1 , 2
5 5 2 3, 2 < 5 qy12 qy2 1 , qy1q c =w u .Ä L Ž I ; W ŽV .. L Ž I ; W ŽV ..1 , 2 1 , 2
Ž Ž ..Ž Ž ..Similar estimates are also used for › Wr› › e r› x De ui j k
Ž .Ž . Ž .› e r› x w ; thus the estimate for 5.36 readsi j k
›wiV 2 3, 2 2 2 , 25 5 5 5t u F c =w uŽ .H L Ž I ; W ŽV .. L Ž I ; W ŽV ..i j 1 1, 2 1 , 2› xQ j1, 2
5 5 2 3, 2 5 5 qy12 qy2 2 , qy1q c =w u . 5.37Ž .L Ž I ; W ŽV .. L Ž I ; W ŽV ..2 1, 2 1 , 2
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Estimates for the other terms are more straightforward:
›wi
‘ 1 2 2 , 25 5 5 5ru F r uÄ ÄH L Ž I ; L ŽV . L Ž I ; W ŽV ..i 1 , 2 1 , 2› tQ1, 2
›w
= 5.38Ž .
2 3, 2Ž Ž ..› t L I ; W V1 , 2
›wi
‘ 1 2 2 , 25 5 5 5ru u F ru uÄ ÄH L Ž I ; L ŽV . L Ž I ; W ŽV ..i j 1 , 2 1 , 2› xQ j1, 2
5 5 2 3 , 2= =w 5.39Ž .L Ž I W ŽV ..1 , 2
2 y3 , 2 ‘ 2 3 , 25 5 5 5 5 5s b w F s b wÄH L Ž I ; W ŽV .. L ŽV . L Ž I ; W ŽV ..i i 1 , 2 1 , 2
Q1, 2
5 5 2 y3 , 2 5 5 1 , ‘ 5 5 2 3, 2s s j w , 5.40Ž .ÄL Ž I ; W ŽV .. W ŽV . L Ž I ; W ŽV ..1 , 2 1 , 2
›w0
‘ 1 2 2, 25 5 5 5b ru F b r uÄ ÄH L Ž I ; L ŽV .. L Ž I ; W ŽV ..i 1 , 2 1 , 2› xQ i1, 2
< < 2 3, 2= =w , 5.41Ž .L Ž I ; W ŽV ..0 1, 2
›w ›w0
2 y3 , 25 5b s F b s . 5.42Ž .ÄH L Ž I ; W ŽV ..1 , 2 2 3 , 2Ž Ž ..› t › t L I ; W VQ 1 , 21, 2
Here let us point out the fact that
1r2
‘ 15 5 < <r u s ess sup r u dx F 2 e m .Ž .Ä Ä Ä ÄL Ž I ; L ŽV .. Ht g I 0 01, 2 1 , 2
V t
Ž . Ž .More precisely, from equation 3.9 we have for r, u :Ä Ä
t21 y1< <r u q r ln r q e q u , uŽ .Ž .Ž .Ä Ä Ä Ä Ä ÄH H H2
V V 0t t
1 2 y1 1, ‘< < 5 5F r u q r ln r q e q 2 j rŽ .Ä Ä Ä Ä ÄH H W ŽV .H2
V V V0 0 0
s e cf. 5.32 .Ž .Ž .0
ŽŽ .. y1Since u, u ) 0 and r ln r q e G 0 for r G 0, we getÄ Ä Ä Ä Ä
< < 2r u F 2 e , a.e. t g I.Ä ÄH 0
V t
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Ž .Thus using the Schwartz inequality and 3.8 , one finds
1r2 1r2
1r22< < < <r u dx F r dx r u dx F 2m e .Ž .Ä Ä Ä Ä ÄH H H 0 0ž / ž /V V Vt t t
Ž . Ž .Putting 5.37 ] 5.41 together, we obtain the estimate of the R.H.S. of
Ž .5.35 in the following form:
2 2, 2 2 3 , 25 5 5 5c* u =wL Ž I ; W ŽV .. L Ž I ; W ŽV ..1 , 2 1 , 2
5 5 qy12 qy2 2 , qy1 5 5 2 3, 2q u =wL Ž I ; W ŽV .. L Ž I ; W ŽV ..1 , 2 1 , 2
›w
2 2, 25 5qm u L Ž I ; W ŽV ..0 1, 2 2 3 , 2Ž Ž ..› t L I ; W V1 , 2
1r2
2 2, 2 2 3 , 25 5 5 5q 2 e m u =wŽ . L Ž I , W ŽV .. L Ž I ; W ŽV ..0 0 1, 2 1 , 2
5 5 2 y3 , 2 5 5 1 , ‘ 5 5 2 3, 2q s j wÄL Ž I ; W ŽV .. W ŽV . L Ž I ; W ŽV ..1 , 2 1 , 2
2 2 , 2 2 3 , 25 5 5 5qb m u =w ,L Ž I ; W ŽV .. L Ž I ; W ŽV ..0 01, 2 1 , 2
where c* ) 0 is a constant depending only on V, q, and dimension d. In
Ž .equation 5.35 , let us take the supremum over all functions g g
2 Ä 3, 2 2 3, 2Ž Ž .. 5 5L I ; W V , with g F 1. Using Lemma 5.2 and theL Ž I ; W ŽV ..1, 2 0 1, 2
above estimates, we obtain
5 5 2 y3 , 2 5 5 2 2, 2b s F c* 1 q m q b m uŽ .ÄL Ž I ; W ŽV .. L Ž I ; W ŽV ..0 01, 2 1 , 2
5 5 qy12 qy2 2 , qy1q c* u L Ž I ; W ŽV ..1 , 2
1r2
2 2, 25 5q c* 2m e uŽ . L Ž I ; W ŽV ..0 0 1, 2
5 5 1 , ‘ 5 5 2 y3 , 2q c* j s . 5.43Ž .ÄW ŽV . L Ž I ; W ŽV ..1 , 2
This concludes the proof.
Now we approach to the summarization of the main results of this
section.
1Ž . Ž .THEOREM 5.4 stability of the rest state . Let r g C V , r ) 0 in0 0
2, q 1, 2Ž . Ž . Ž . Ž . Ž . Ž .V, and ¤ g W V l W V . Let 2.6 , 2.69 , 2.7 , 2.8 hold. More-0 0
1, ‘Ž .o¤er, let the forces be potential, i.e., b s ›jr› x and j g W V . Wei i
Ž . Ž .consider the rest state characterized by equations 5.2 , 5.3 . Then
Ž .i The rest state is stable in the class J of solutions. This means that
Ž .energy functional E s E t is a monotonely decreasing function of time. Thus
E t F E 0 , for any t ) 0.Ž . Ž .
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Ž . 2, qii The perturbations of ¤elocity decay to zero in the norm W or
2, 2 Ž .W , and in the sense of 5.23 along the chosen time sequence tending
to q‘.
Ž . 5 5 1, ‘iii If b ) c* j , then the perturbations of density decay to zeroW ŽV .
Äy3, 2in the norm W along the chosen time sequences tending to q‘.
Remark. Let us point out here that to obtain the monotone behavior
for the energy functional of disturbances of the rest state in the class of
perturbated flows, no restrictions on the Reynolds and Mach numbers are
needed. In this sense our stability result is unconditional. Furthermore, the
criterion for the stability for velocity is also unconditional, but the stability
result for density is conditional and requires some restrictions on Reynolds
and Mach numbers.
6. UNCONDITIONAL ASYMPTOTIC STABILITY OF THE
REST STATE FOR MORE REGULAR FORCES
Ž . 2, ‘Ž . Ž .Let b satisfy condition 5.1 with j g W V , and let r , ¤ satisfy0 0
1 2, q 1, 2Ž . Ž . Ž .conditions r g C V , r ) 0 in V, ¤ g W V l W V .0 0 0 0
We derive several estimates uniform in time. The first of these was
Ž .proved in Section 3 cf. 3.9 :
1 › V2 y1< <r u q b r ln r q e q e uŽ .Ž .Ä Ä ÄH H H i j2 › eV V Q i jt t t
› W › e uŽ .iu jq F e , 6.1Ž .0› › e r› x › xŽ .i j k k
where
1 2 y1
‘< < 5 5e s r ¤ q b e q r ln r q 2 j r ) 0. 6.2Ž .Ž .H H L ŽV .H0 0 0 0 0 02 V V V
We use the following estimates for the last term with body forces:
›j ›rÄ
‘5 5ru s j s y j x r x y r x dx F 2 j r .Ž . Ž . Ž .Ž .Ä ÄH H H L ŽV .Hi 0 0› x › tQ Q V Vit t
ŽŽ Ž . Ž ...Because of the ellipticity of the form u t , u t , we derive that theren n
 4exists a time sequence t , t “ q‘, such thatn n
5 5 2 , qu t “ 0. 6.3Ž . Ž .W ŽV .n
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Moreover,
r t “ r ) y weakly in L V . 6.4Ž . Ž . Ž .Ä n c
Ž .Multiplying the momentum equation 5.6 by › u r› t and integrating overi
Ž Ž ..Q we obtain cf. 3.10tn
› u › ui i
r q V e u t q W De u tŽ . Ž .Ž . Ž .Ä Ž . Ž .H H n n› t › tQ Vtn
› u › u ›r › u ›j › uÄi i i is y ru y b q rÄ ÄH H Hj › x › t › x › t › x › tQ Q Qj i it t tn n n
q V e ¤ q W De ¤ . 6.5Ž . Ž . Ž .Ž . Ž .H 0 0
V
Ž .The right-hand side of equation 6.5 can be estimated as follows:
1r221r21r2› u › u › uti i n2 2
2, q< < 5 5ru F r u u rÄ Ä ÄH H H W ŽV . Hj ž / ž / ž /› t › x › tQ V 0 Qjt tn n
21 › u tn2 2
2, q< < 5 5F r q c r u u 6.6Ž .Ä ÄH H H W ŽV .2 › tQ V 0tn
›r › u › › uÄ i is y rÄH H ž /› x › t › x › tQ Qi it tn n
›r › u › u › uÄ i i is y r t t q r 0Ž . Ž . Ž .ÄH H Hn n 0› t › x › x › xQ V Vi i itn
› › u › u › ui i is y ru y r t t q r 0Ž . Ž . Ž .Ä ÄŽ .H H Hj n n 0› x › x › x › xQ V Vj i i itn
› 2 u › u › ui i is ru y r t t q r 0Ž . Ž . Ž .Ä ÄH H Hj n n 0› x › x › x › xQ V Vj i i itn
› ut in q
2 , q 2 , q5 5 5 5F cm u q cm u q r 0 . 6.7Ž . Ž .H W ŽV . W ŽV . H0 0 0 › x0 V i
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Ž . 5 Ž .5 2, qWe know that for every r , ¤ there exists t such that u t F 1,W ŽV .0 0 0 n
provided t ) t . Hencen 0
›r › u › uÄ ti in q
2 , q5 5b F cm 1 q u dt q b r 0 , 6.8Ž . Ž .H H W ŽV . H0 0› x › t › xQ 0 Vi itn
›j › ui
rÄH
› x › tQ itn
›r ›j ›j ›jÄ
s y u q r t u t y r uŽ . Ž .ÄH H Hi n i n 0 0 i› t › x › x › xQ V Vi i itn
› ›j ›j ›j
s ru u q r t u t y r uŽ . Ž .Ä ÄŽ .H H Hj i n i n 0 0 i› x › x › x › xQ V Vj i i itn
› 2j ›j › u ›jis y ru u y ru q r t u tŽ . Ž .Ä Ä ÄH H Hj i j n i n› x › x › x › x › xQ Q Vi j i j it tn n
›j tn 22 2, q< < < < 5 5y r u F cm sup = j x , =j x uŽ . Ž .Ž .H H W ŽV .0 0 0i› xV 0xgVi
< < < < < < < <q sup =j x ru q r ¤ j , 6.9Ž . Ž .ÄH H 0 0
V VxgV
5 5 q 2 , qw xV e ¤ q W De ¤ F cf. 9, p. 476, g F c ¤ . 6.10Ž . Ž . Ž .Ž .Ž . Ž .H W ŽV .0 0 0
V
Ž . Ž . Ž Ž ..From 6.5 ] 6.10 we conclude that there exists t dependent of r , ¤0 0 0
such that for t ) t ,0
2› ut
r dxdt q V e u t q W e u t F K , 6.11Ž . Ž . Ž .Ž . Ž .Ž . Ž .ÄH H H 0›t0 V V
where
2 2< < < <K s C e q e m q e m sup =j x q = j xŽ . Ž .Ž .0 0 0 0 0 0ž
xgV
› ¤ 0 qi
2 , q< < < < < < 5 5q e m sup =j x q r ¤ =j q b r q c ¤Ž .' ' H H W ŽV .0 0 0 0 0 0/ › xV VxgV i
Ž .c, C are positive constants independent of r , ¤ and t .0 0
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 4 Ž .Thus, we deduce that the sequence t in 6.3 can be chosen such thatn
2› u
r t t dx “ 0. 6.12Ž . Ž . Ž .ÄH n n› tV
‘Ž .Multiplying the momentum equation by the test functions w g C V , we0
obtain
›w › ui i
b r t s u , w q r t u t t wŽ . Ž . Ž . Ž . Ž .Ž .Ä ÄH Hn n j n n i› x › xV Vi j
› u ›jiq r t t w q r t w . 6.13Ž . Ž . Ž . Ž .Ä ÄH Hn n i n i› t › xV V i
Ž .From 6.3 it follows that
u t , w “ 0 6.14Ž . Ž .Ž .Ž .n
› ui
r t u t t w dx “ 0. 6.15Ž . Ž . Ž . Ž .ÄH n j n n i› xV j
Ž .Using 6.12 we have
› ui
r t t w dx “ 0. 6.16Ž . Ž . Ž .ÄH n n i› tV
Finally, the density satisfies the following equation:
›w ›ji
b r s r w , 6.17Ž .H H i› x › xV Vi i
Ž .hence r, 0 is the rest state. We have proved the following result:
2, ‘Ž .THEOREM 6.1. Let b s ›jr› x , j g W V , and J be a set of alli i
Ž . Ž . Ž . Ž . Ž .solutions r, u of the problem 2.1 ] 2.2 , 2.4 ] 2.11 , with the initialÄ Ä
2, q 1, 2 1Ž . Ž . Ž . Ž .conditions ¤ g W V l W V , r g C V . Then the rest state r, ¤0 0 0
Ž . Ž .characterized by equations 5.2 , 5.3 is unconditionally asymptotically stable
 4in the class J in the sense that there exists a subsequence t , t “ q‘ suchn n
that
r t “ r , ¤ t “ 0 in the sense of distributions,Ž . Ž .Ä Än n
›w ›j
b s r in the sense of distributions.
› x › xi i
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Remark. There are a number of open problems for further considera-
tions. The authors are now working on the stability of the rest state of heat
conductive and barotropic flow. Another very attractive target is the
realization of numerical experiments that will give us more information
and help us understand the complicated behavior of non-Newtonian flows.
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